Assessing agreement is often of interest in clinical studies to evaluate the similarity of measurements produced by different raters or methods on the same subjects. We present a modified weighted kappa coefficient to measure agreement between bivariate discrete survival times. The proposed kappa coefficient accommodates the presence of censoring by redistributing the mass of censored observations within the grid where the unobserved events may potentially happen. A generalized modified weighted kappa is proposed for multivariate discrete survival times. We propose to estimate the modified kappa coefficients nonparametrically through a multivariate survival function estimator. The asymptotic properties of the kappa estimators are established and the performance of the estimators are examined through simulation studies of bivariate and trivariate survival times. We illustrate the application of the modified kappa coefficient in the presence of censored observations with data from a prostate cancer study.
Introduction
In many scenarios in biomedical sciences, the same outcome may be measured by different methods or raters. For example, the disease status of patients may be evaluated by different raters; or an event can be measured by a gold standard and a relatively simple methods. Evaluation of agreement or reproducibility is needed in assessing whether the two raters produce similar values; or whether the relatively simple method reproduces the results obtained through the gold standard.
Statistical methods for measuring agreement between categorical are well established. Cohen(1960) developed the kappa statistic as an agreement index for two binary variables. It has the appealing interpretation as the measure of chance-corrected agreement. Later, Cohen (1968) generalized the original kappa to the weighted kappa coefficient for ordinal discrete outcomes. The weighted kappa takes into account the order in the ordinal outcomes and uses a weight function to weights to various degrees of disagreement between two ordinal measurements. The most common weight functions are the quadratic weight and the Cicchetti weight (Cicchetti and Allison, 1971) which are based on the squared and absolute distance between the two measurements, respectively. The weighted kappa coefficient is connected to various dependence measures for continuous variables. When quadratic weights are used, kappa is equivalent to the correlation coefficient (Cohen, 1968) and the intraclass correlation coefficient (Fleiss and Cohen, 1973) under certain conditions. Additionally, King and Chinchilli (2001) demonstrated the equivalence between the weighted kappa and the generalized concordance correlation coefficient.
Since their development, kappa with its extensions (Cohen, 1960 and 1968; Fleiss 1971; Kraemer, 1980) have been well studied in the literature and broadly applied in many areas (Maclure and Willett, 1987; Korten et al., 1992; Klar et al., 2000; Williamson et al., 2000) . However, the application of kappa with survival outcomes have been quite limited due to the presence of censored observations. To measure the agreement between discrete survival times, Guo and Manatunga (2005) developed a local kappa coefficient that measures the local agreement between bivariate survival times on each point of the two-dimensional time grid. The local kappa coefficient is essentially Cohen's original kappa (Cohen, 1960 ) calculated based on a 2-by-2 table representing the joint survival status of the two failure times at a local time point. The overall strength of agreement between the survival times is reflected by the pattern of the local kappas on the two-dimensional time grid. Using their method, one can investigate covariate effects on the strength of agreement through modeling the local kappa coefficient.
In many studies, a single agreement index is desired to summarize the strength of agreement between two survival times. Since discrete survival times can be viewed as ordinal outcomes, Cohen's weighted kappa (Cohen, 1968 ) is a natural choice. However, the presence of censoring makes it infeasible to estimate the weighted kappa with survival times. To solve this problem, we propose a modified weighted kappa coefficient that could account for censored observations. A major difference between the modified kappa and Cohen's kappa is that they are defined based on two types of cell probabilities of the contingency table of two ordinal outcomes. Cohen's kappa is based on the conventional unconditional cell probabilities which do not involve censoring times.
To accommodate censoring, we define a modified kappa based on redistributed cell probabilities which represent the conditional probabilities for an event to occur in a particular cell given the observed survival times and censoring indicators. In calculating the redistributed cell probabilities, the mass of a censored observation is redistributed to the cells where the unobserved event may possibly occur. When the censoring times are independent of the survival times, we show that the expectation of redistributed cell probability equals to the unconditional cell probability. To extend the method for multivariate cases, we propose a generalized modified weighted kappa that can measure the agreement among multivariate survival times. Estimate of the modified weighted kappa coefficient could be obtained though a nonparametric estimator of the bivariate survival function. The strong consistency and asymptotic normality of the proposed estimator are established in the paper. This paper is organized as follows. In Section 2, we present the methodology for the modified weighted kappa coefficient and its extension with multiple raters. In Section 3, we evaluate the performance of the proposed method through simulations. In Section 4, we present an example from a prostate cancer study. Finally, we conclude with a discussion. Cohen (1960) proposed the kappa index as a measure of agreement for a binary test. It is interpreted as the proportion of observed agreement to its maximum value after chance agreement is removed from consideration. Cohen (1968) considered the extension of the original kappa to ordinal variables: measurements that incorporate natural orders such as the degree of cancers that can be categorized as normal, mild, moderate and severe. For ordinal data, the disagreement in adjacent categories is less serious than disagreements in more disparate categories. Hence Cohen (1968) The sample estimates arep ij = n ij /n where n ij is the observed cell frequency and n is the total number of observations. Denote w ij as the weight assigned to the cell (i, j) to represent the degree of agreement of this cell. The weight function is restricted such that 0 ≤ w ij ≤ 1 with w ij → 1 indicating stronger agreement. The weighted kappa coefficient is defined as
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Cohen's weighted kappa coefficient
where . When the quadratic weights are applied, the weighted kappa coefficient has been shown to be closely related to various agreement measures for continuous outcomes. Cohen (1968) proved the weighted kappa coefficient is equivalent to the product-moment correlation coefficient under the assumption that the two marginal distributions are the same. Fleiss and Cohen (1973) relaxed the identical marginal distribution assumption and showed the weighted kappa coefficient is asymptotically equivalent to the intraclass correlation coefficient by assuming the ordinal ratings are from a Gaussian general linear model for a two-way analysis of variance where subjects and the two raters are random samples from populations of subjects and raters. It has also been found that the weighted kappa is equivalent to Lin's concordance correlation coefficient (King and Chinchilli, 2001 ) .
The modified weighted kappa coefficient
We now consider the assessment of agreement between survival outcomes. Let T 1 and T 2 denote two correlated discrete survival times and assume that the joint distribution of (T 1 ,T 2 ) is concentrated on an integral grid { (l 1 , l 2 ), l 1 = 1, . . . , m 1 ,
Following Oakes (1989) , the distribution of the censoring times (C 1 , C 2 ) is assumed to be concentrated on the grid
to avoid the ties between censored and uncensored observations. The joint survival
) and the
). It is assumed that the censoring times are independent of the survival times. The observed times and
We define the redistributed cell probability as
O l 1 ,l 2 is the probability for the event to happen at (l 1 , l 2 ) given a random observation ( T 1 , T 2 , δ 1 , δ 2 ). Depending on the censoring status of (δ 1 , δ 2 ), O l 1 l 2 can be written in terms of the joint survival function S in the following ways,
where
• if (δ 1 , δ 2 ) = (0, 0),
Therefore, the probability O l 1 ,l 2 represents all the mass of an uncensored observation at (l 1 , l 2 ) and redistributed mass at (l 1 , l 2 ) from an earlier censored observation. In the next theorem, we show that the expectation of the redistributed cell probability O l 1 ,l 2 is equal to the unconditional cell probability p(l 1 , l 2 ).
is a function of ( T , δ). Let M be the number of all possible combinations of ( T , δ). For the the mth combination (
) where m = 1, . . . , M , denote the corresponding redistributed cell probability as O
. Let A m be the subset of
Then,
We propose the following modified weighted kappa coefficient to measure the overall agreement between (T 1 , T 2 ),
We suggest to use the quadratic weight function because the quadratic weights induce close connection between the weighted kappa coefficient and agreement measures for continuous outcomes such as Lin's concordance correlation coefficient (Lin, 1989) . Other weight functions can be applied under the same framework.
. . , n be n random observations. The sample estimator of the proposed modified weighted kappa iŝ
whereÔ l 1 l 2 = n k=1Ô kl 1 l 2 /n is the sample estimator of the redistributed cell probability
to the sample estimator of Cohen's weighted kappa. In the presence of censoring, a nonparametric estimator of the bivariate survival functionŜ can be used to calculatê O l 1 l 2 . In this paper, we estimate the modified weighted kappa through Prentice-Cai estimatorŜ (Prentice and Cai, 1992) because it is shown to be adequate for most practical uses (Kalbfleisch and Prentice, 2002) . 
Extension to multiple raters
In many studies, the time to events are measured by more than two raters or methods. We now extend the proposed modified weighted kappa to measure the agreement among multivariate discrete survival times. Suppose the survival times of the same set of subjects are measured by R raters (or methods) as Define the multivariate redistributed cell probabilities as
To measure the agreement among (T 1 , . . . , T R ), we propose the generalized modified weighted kappa,
The the observed agreement P o and expected agreement P e are defined as
Note that when calculating the observed overall agreement P o , the weight assigned to O l 1 ,...,l R is the average of the pairwise weights for all the bivariate subsets from
When R = 2, the generalized κ w g reduces to the modified weighted kappa κ w defined in (6). For R > 2,
is the pairwise modified kappa.
Therefore, the generalized modified kappa is a weighted average of all the pairwise modified kappa among the multiple raters. 
Simulation Studies
Bivariate survival times
The performance of the proposed estimator was evaluated using bivariate survival times generated from the Clayton model (Clayton, 1978) with unit exponential marginal distributions. The bivariate survival function for Clayton model is
with constant odds ratio of 1 + 
Here small bias under low and medium censoring percentages and tend to be more biased downwards with heavy censoring. The bias is reduced when the sample size increases.
The average of the bootstrap standard error is very close to the standard deviation of the estimates. The coverage probabilities are close to the nominal level with low and medium censoring but tend to be low with heavy censoring due to the downward bias of the estimates.
multivariate survival times
In this section, we evaluate the performance of the generalized modified weighted kappa coefficient through a simulation study of trivariate survival data. Trivariate survival times were generated from the multivariate Clayton model with unit exponential marginals. The survival function is
Random survival times from the trivariate Clayton model were generated from uniform (0,1) variates (u 1 , u 2 , u 3 ) using the transformation: t 1 = −ln(1 − u 1 ), and
] , for j = 2, 3, with
for i = 1, 2. The discrete survival times were then created from the generated continuous times using the same method as in Section (3.1). Three sets of simulations were considered with different θ parameters. The true generalized modified weighted kappa of the three multivariate Clayton models are 0.472, 0.651 and 0.804. The censoring variables (C 1 , C 2 , C 3 ) are independent from the survival times and from each other. Each censoring variable is generated from the same multinomial distributions as in section 3.1. We considered sample sizes of 100, 200 and 350. Table 2 is a summary of the statistics. There is little bias ofκ w g with low to medium censoring. With heavy censoring,κ w g tend to underestimate the true parameter but the bias decreases with the increasing sample size. The average of the bootstrap standard errors is close to the sample standard deviation of the estimates. The coverage probabilities are close to the nominal level with low to medium censoring. With heavy censoring, the coverage is lower but rises to the nominal level the sample size increases. 
Example
Prostate cancer is the most common cancer in US men. Depending on the patients' demographic and disease characteristics, various kinds of treatments are available. One major difficulty in treating and monitoring prostate cancer is the lack of a standard definition for disease freedom after treatments. There is a general consensus that posttreatment disease status is reflected in the prostate specific antigen (PSA) with high level PSA indicating relapse. However, there is no universal agreement regarding the exact pattern of the PSA level that defines disease recurrence. Various definitions had been proposed for different kinds of treatments and the disease-free survival rates based on these definitions are used as an important guidance for physicians in treatment selection. Since the disease-free survival rates depend heavily on the definition of disease freedom, the potential discrepancies between definitions may lead to different conclusions regarding the treatments effectiveness. Therefore, it is important to assess the agreement between different definitions before comparing the disease-free survival rates derived from them.
Radical prostatectomy and irradiation are two commonly used treatments for prostate cancer (Critz et al., 1995) . For radical prostatectomy, disease freedom is defined by reaching and maintaining an undetectable prostate specific antigen (PSA) nadir ranging from 0.2ng/ml to 0.5ng/ml (Critz et al., 1996) . For irradiation, according to the American Society of Therapeutic Radiation Oncology(ASTRO) consensus criteria (1997), posttreatment disease freedom is represented by a non-rising PSA with a rising PSA defined as three consecutive PSA increases measured six months apart. For years, there is the controversy regarding the comparable curability of the two treatments. Some researchers claim the irradiation cures fewer patients than the radical prostatectomy while others argue the two are equally effective (Critz et al., 1996) . In order to establish the comparability of disease-free survival rates between the two treatments, researchers (Critz et al., 1996) are interested in studying the agreement between the two definitions of disease freedom. Additionally, the potential difference in the strength of agreement among various covariate subgroups is also of interest.
In this study, the disease status of 1369 men treated by simultaneous radiotherapy for prostate cancer were evaluated. 359 patients were implanted by the obsolete retropubic technique from 1984-1995 and 1010 patients were implanted by the transperineal method from 1992-1997. All men had follow-up external beam radiation. The disease freedom status of all subjects was evaluated every six months after transplant and was defined by both an undetectable posttreatment PSA with the nadir of 0.2ng/ml (Definition I) and the ASTRO consensus definition (Definition II). T 1 , T 2 are the times to recurrence of prostate cancer with the disease freedom evaluated by Definition I and II, respectively. The survival time was measured in terms of months. Due to the sparsity of events, we group the survival time into four intervals: no more than 30 months, 31-60 months, 61-90 months, 91-162 months and >162 months.
We apply the proposed method with the prostate cancer data. The estimated modified weighted kappa is 0.842 with the bootstrap SE of 0.021 (based on 200 bootstrap samples). The 95% confidence interval for the modified weighted kappa coefficient is (0.798,0.882) based on the 2.5% and 97.5% empirical percentiles of the bootstrap sample estimates. Therefore, there is rather strong agreement between the survival times measured by the nadir and ASTRO definitions.
Discussion
In this paper, we propose an extension to Cohen's (1968) weighted kappa coefficient for measuring the agreement between discrete survival times. To the best of our knowledge, there has been no previous work for the adaption of kappa coefficient to survival outcomes. To accommodate censored observations, we first estimate the joint distribution of two survival times through a nonparametric estimator of the joint survival function. With the estimated survival function, we redistribute the mass of a censored observation to those cells where the unobserved event may potentially happen.
A key underlying assumption for the proposed method is that the censoring distribution is independent of the joint survival function. This assumption ensures the mass of the censored observations can be appropriately redistributed based on the estimated survival function.
The performance of the proposed estimates for the modified weighted kappa and the generalized modified weighted kappa are satisfactory with low to medium censoring. With heavy censoring, the estimates are more biased with relatively low coverage probabilities. For a statistic constructed based on survival function estimators, the bias is unavoidable in the presence of heavy censoring due to the difficulty in estimating the right tail of the survival function. This is noted in previous work as well (Lin and Ying, 1993) .
